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The electronic Casimir-Polder force in a 1D tight-binding nanowire
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We study the effect of two non-interacting impurity atoms near by a one-dimensional nanowire,
which is modeled as a tight-binding hopping model. The virtual single-electron hopping between
two impurities will induce an additional energy depending on the distance of two impurities, which
gives a electronic Casimir-Polder effect. We find that the Casimir-Polder force between the two
impurities decreases with the impurity-impurity distance exponentially. And the effects of nanowire
and finite temperature on the Casimir-Polder force are also discussed in detail, respectively.
PACS numbers: 31.30.jh, 73.22.-f, 81.07.Gf
I. INTRODUCTION
Environment-fluctuation-induced effects are ubiqui-
tous in physics, since a realistic system is inevitably cou-
pled to an environment with very large degrees of free-
dom. One important effect induced by the fluctuation
of the electromagnetic field (EMF) is the Casimir effect,
which was predicted by Casimir [1] that there exists an
attractive force between two neutral, parallel and per-
fectly conducting plates placed a few micrometers apart
in vacuum. This attractive force between two plates has
been verified by numerous experiments [2–8]. In 1956,
Lifshitz [9] generalized the Casimir effect induced by the
quantum vacuum fluctuation to the case the attractive
force between two dielectric plates induced by the ther-
mal fluctuation [10–12]. About ten years later, Boyer [13]
first discovered that the Casimir force could be repulsive
for a conducting spherical shell. This set off a torrent of
theoretical explorations [14–18] on the geometric shape
dependence of the Casimir force.
The Casimir force has been extensively applied in
physics [19], especially in atomic physics. In 1948,
Casimir and Polder [20] calculated the attractive force
between two neutral polarizable atoms (and the force be-
tween a neutral atom and a perfectly conducting wall) in
vacuum called Casimir-Polder (CP) force, which gives
a significant correction of the van der Waals-London
force [21] for the large atomic separation case. In most
of the previous literatures [22–29], researches were fo-
cused on the force induced by EMF fluctuation. Recently,
Tanaka et al. [30] generalized to the case, where the at-
tractive force between two neutral impurity atoms results
from the exchange of virtual electrons, called electronic
Casimir-Polder (ECP) force.
In this paper, we study a realistic solid system com-
posed of a one-dimensional (1D) nanowire and two sep-
arate impurity atoms. Different from the free-electron
gas, the electron traveling in the nanowire described by
the tight-binding model has a cosine nonlinear dispersion
relation, which will present much more rich physics of in-
terest. Due to the finite energy-band width, the results
without divergence are obtain. The ECP force decreases
exponentially when the distance between the two charges
increases. The decay rate of the ECP force is larger for
smaller hopping strength of the nanowire and it increases
with the absolute value of the detuning between the atom
energy and the site energy of the nanowire. For a fixed
impurity-impurity distance, the ECP force is larger for
bigger hopping strength and it decreases with the ab-
solute value of the detuning. In the low-energy regime,
the cosine dispersion relation can be approximately ex-
panded as a linear quadratic one. When the energy of
the impurities is close to the edge of the energy band, we
obtain the similar results as presented in Ref. [30]. Addi-
tionally, unlike the well-known results for the traditional
CP force between two atoms, the ECP force obtained in
this system decreases with the temperature.
In the next section, the model Hamiltonian and the
nonlinear dispersion relation of the nanowire are pre-
sented. In Sec. III, we calculate the electronic Casimir-
Polder force between the two impurity atoms. The nu-
merical results are addressed in Sec. IV. In Sec. V, the
thermal ECP effect is taken into account. Finally, the
summary of our main results is given in Sec. VI.
II. MODEL SETUP AND DISPERSION
RELATION
The system considered here is illustrated in Fig. 1. The
one-dimensional nanowire consists of 2N + 1 identical
artificial atoms [31] with the same site energy ω (~ = 1).
The electrons can hop between neighboring atoms, where
the hopping strength J between any two nearest-neighbor
atoms is the same. The nanowire is described by the
typical tight-binding Hamiltonian,
HC =
N∑
j=−N
[ωc†jcj − J(c†jcj+1 + c†j+1cj)], (1)
where cj(c
†
j) is the electron annihilation(creation) oper-
ator for the jth atom.
Two impurity atoms with energies ε1 and ε2 are placed
on the nanowire at x = 0 and x = R, respectively. The
2FIG. 1: (Color online) Schematic representation of the model
Hamiltonian. The two impurity atoms with energies ε1and ε2
are placed at x = 0 and x = R, respectively.
impurities are weakly coupled to the nanowire, and the
Hamiltonian of the total system is split into two parts
H = H0 +HI with H0 = HA +HC . Here,
HA = ε1d
†
1d1 + ε2d
†
2d2 (2)
is the Hamiltonian of impurities with di(d
†
i ) the electron
annihilation (creation) operator for the impurity states.
The interaction between the impurities and the nanowire
is described by
HI = λ0(c
†
0d1 + d
†
1c0) + λR(c
†
Rd2 + d
†
2cR), (3)
where λj (j = 0, R) is the corresponding coupling con-
stant.
By using the Fourier transform,
cj=
1√
2N + 1
∑
k
cke
ikj , c†j =
1√
2N + 1
∑
k
c†ke
−ikj, (4)
HC can be diagonalized as
HC =
∑
k
Ωkc
†
kck, (5)
to obtain a nonlinear dispersion relation Ωk = ω −
2J cos k. As shown in Fig 1 (b), the eigenmodes of the
nanowire form an energy band symmetrically distributed
around ω with width 4J . Additionally, the interaction
Hamiltonian changes into
HI = g1
∑
k
(c†kd1+d
†
1ck)+g2
∑
k
(e−ikRc†kd2+e
ikRd†2ck). (6)
Here, we have taken the lattice constant as unit, the
atom-atom distance R is a positive integer, and g1 =
λ0/
√
2N + 1 and g2 = λR/
√
2N + 1 are the regularized
coupling strength.
III. THE ELECTRONIC CASIMIR-POLDER
FORCE
Comparing to the conventional CP effect, the two im-
purity atoms play the role of the neutral atoms and the
non-excitated nanowire behaves as the EMF with contin-
uous modes. Due to the finite width of the energy band
of the nanowire, we obtain the exact ECP force without
divergence.
For simplicity, all the calculations are done in the
single-electron subspace. Here, we assume that the en-
ergies of the impurities locate below the energy band of
the coupled chain, i.e., ε1,2 < ω− 2J . The eigenstates of
H0 are as follows:
|1, 0; 0k〉 = d†1|0, 0; 0k〉, (7)
|0, 1; 0k〉 = d†2|0, 0; 0k〉, (8)
|0, 0; 1k〉 = c†k|0, 0; 0k〉, (9)
where |0, 0; 0k〉 = |0, 0〉 ⊗ |0k〉 is the electron vacuum
states of whole system.
In order to obtain the interaction between the two im-
purity atoms, we make the Fro¨hlich transformation
Heff = e
−SHeS (10)
where
S=
∑
k
g1
(
d†1ck−c†kd1
)
Ωk − ε1 +
g2
(
eikRd†2ck−e−ikRc†kd2
)
Ωk − ε2 , (11)
is an anti-Hermitian operator. When coupling strengths
λ0,R satisfy |λ0,R| ≪ |Ωk − ε1,2|, we can obtain the ef-
fective Hamiltonian to the second order according to the
perturbation theory,
Heff =
(
ε1+
∑
k
g21
ε1 − Ωk
)
d†1d1+
(
ε2+
∑
k
g22
ε2 − Ωk
)
d†2d2
+
∑
k
(
Ωk +
g21
Ωk − ε1 +
g22
Ωk − ε2
)
c†kck
+
∑
k
g1g2e
−ikR
2
(
1
ε1 − Ωk +
1
ε2 − Ωk
)
d†1d2
+
∑
k
g1g2e
ikR
2
(
1
ε1 − Ωk +
1
ε2 − Ωk
)
d†2d1. (12)
For convenience, we consider the symmetric case in
which ε1 = ε2 = ε0 and λ0 = λR = λ (i.e., g1 = g2 = g =
λ/
√
2N + 1). After diagonalizing the effective Hamilto-
nian Heff , we can easily get the eigenstates in the single-
electron subspace,
|ϕ+〉 = 1√
2
(|1, 0; 0k〉+ |0, 1; 0k〉), (13)
3|ϕ−〉 = 1√
2
(|1, 0; 0k〉 − |0, 1; 0k〉), (14)
|ϕk〉 = |0, 0; 1k〉, (15)
with eigenvalues
E+ = ε0 +
∑
k
g2(1 + e−ikR)
ε0 − ω + 2J cos k , (16)
E− = ε0 +
∑
k
g2(1− e−ikR)
ε0 − ω + 2J cos k , (17)
Ek = (ω − 2J cos k) + 2g
2
(ω − 2J cos k)− ε0 , (18)
respectively. As required in the former ε0− (ω−2J) < 0,
the second order energy correction is negative, and then
|ϕ+〉 is the ground state of the system with E+ the lowest-
energy. Changing the sum to integral with relation,
∑
k
→ 2N + 1
2pi
∫ pi
−pi
dk
and omitting the R-independent term, we get the CP en-
ergy between the two impurities by means of the residue
theorem as
Ecp(R) =
λ2
∆
1√
1− a2
(√
1− a2 − 1
a
)R
, (19)
where ∆ = ε0−ω is the detuning between the site energy
of the nanowire and the impurity atom energy and a =
2J/∆ ∈ (−1, 0].
As the the lattice constant is taken as unit, we obtain
the ECP force between the two impurity atoms as
f ≡ −[Ecp(R+ 1)− Ecp(R)]
= −λ
2
∆
1√
1−a2
(√
1− a2−1
a
)R
[
√
1−a2−1
a
−1], (20)
Here, in the discrete lattice system, the ECP force was
defined as the difference of the CP energy. Obviously,
the ECP force can be rewritten as
f = −λ
2
∆
1√
1− a2 [
√
1− a2 − 1
a
− 1]e−ΓR. (21)
where the decay rate Γ = ln[a/(
√
1− a2 − 1)] and it in-
creases with a. It is ready to find that lima→0−Γ = ∞,
and then the characteristic length RC = Γ
−1 tends to 0,
which means that there will be no Casimir-Polder force
between the two impurities if the hopping strength of the
chain J = 0.
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FIG. 2: (Color online) Here, we have taken the lattice con-
stant and the impurity energy as unit ε = 1. And the other
parameters are chosen as λ = 0.01 and ε0 − ω = −1. (a)
The electronic Casimir-Polder forces f vs. the atom-atom
distance R for different values of J are presented. The red-
triangle line and blue-square line represent the case of J = 0.3
and J = 0.4, respectively. (b) The Casimir-Polder force f vs
hopping energy J with fixed atom-atom distance R = 1.
IV. DISCUSSION ABOUT THE ELECTRONIC
CASIMIR-POLDER FORCE
In the preceding section, we obtain the ECP force f ,
as given by Eq. (20), decreases with the atom-atom dis-
tance R exponentially. It is also dependent on the hop-
ping strength J , the detuning ∆, and proportional to the
square of the impurity-nannowire coupling constant λ2.
For J = 0, the CP energy is Ecp(R) = 0 and Γ → ∞
as shown in the former section. That is, there is no in-
teraction between the two impurities when the electrons
cannot hop between neighboring atoms. For J 6= 0, we
consider different values of J to investigate its influence
on the force. The variation of the Casimir-Polder force
between the two impurity atoms with the atom-atom dis-
tance R for different values of J is shown in Fig.2(a). The
ECP force with J = 0.3 is represented by the red-triangle
line and the one with J = 0.4 is depicted by the blue-
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FIG. 3: (Color online) Here, we have taken the lattice con-
stant and the impurity energy as unit ε = 1. And the other
parameters are chosen as λ = 0.01 and J = 0.6. (a) The
electronic Casimir-Polder forces f vs the atom-atom distance
R for different values of ∆ are presented. The red-triangle
line and blue-square line represent the cases of ∆ = −2 and
∆ = −3, respectively. (b) The Casimir-Polder force f vs the
detuning ∆ with fixed atom-atom distance R = 1.
square line. As shown in Fig 2(b), for a fixed value of R,
the force increases with the hopping strength J .
In Fig .3(a), we give the variation of the ECP force with
R for different detuning ∆ = ε0 − ω. The red-triangle
line and the blue-square line depict the cases ∆ = −2 and
∆ = −3, respectively. As shown in Fig. 3(b), the ECP
force decreases with the absolute value of the detuning
∆.
As shown in the former section, the ECP force be-
tween the two impurity atoms decreases with the atom-
atom distance exponentially f ∝ exp(−ΓR). The decay
rate is determined by the parameter J , ε0, and ω, more
specifically, Γ is determined by a = 2J/∆ ∈ (−1, 0]. In
Fig. 4, we find that decay rate Γ increases with a mono-
tonically and tend to ∞ at the point a = 0. That is,
the force decays slower with the impurity-impurity dis-
tance for larger hopping strength and decays faster for
larger absolute value of the detuning. When the hopping
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FIG. 4: (Color online) The variation of decay rate Γ with a.
strength J → 0, the ECP force between the two atoms
disappears.
In the low-energy regime k ≃ 0, the nonlinear disper-
sion relation Ωk = ω − 2J cos k can be be rewritten as
Ωk ≃ ω − 2J + Jk2, by expanding the cosine function as
cos k ≃ 1−k2/2 approximately. Then the Casimir-Polder
energy is approximated as
Ecp(R) =
2N + 1
2pi
∫ pi
−pi
dk
g2e−ikR
ε0 − (ω − 2J + Jk2) . (22)
If the difference of the atom energy and the lower edge
of the energy band is much smaller than the width of
the energy band ε0 − (ω − 2J)≪ 4J , the integral over k
can be extended to (−∞, ∞). Then the Casimir-Polder
energy is given by
ECP = − λ
2
2Jb
e−bR, (23)
where b =
√
(ω − 2J − ε0)/J . The similar results are ob-
tained in Ref. [30], where a quadratic dispersion relation
was used.
V. THE ELECTRONIC CASIMIR-POLDER
FORCE AT FINITE TEMPERATURE
In the former sections, we only considered the zero
temperature case. Here, we will study the influence of
the temperature on the ECP force. At finite temperature
T , the density matrix of the the system can be given as
ρT =
1
Z
(∑
α=σ
e−βEσ |ϕσ〉〈ϕσ |+
∑
k
e−βEk|ϕk〉〈ϕk|
)
, (24)
where Z =
∑
σ=± exp(−βEσ) +
∑
k exp(−βEk) and β =
1/kBT is the inverse temperature. After integrating over
k, we rewrite the eigenvalues of the effective Hamiltonian
Heff in the single-electron space as
5E+=ε0 +
λ2
∆
1√
1−a2[1 +
(√
1− a2−1
a
)R
], (25)
and
E−=ε0 +
λ2
∆
1√
1−a2[1−
(√
1− a2−1
a
)R
], (26)
Then we obtain the average energy of the system ET =
Tr(ρTHeff) at temperature T as
ET =
1
Z
{E+e−βE+ + E−e−βE− +
∑
k
Eke
−βEk}. (27)
The thermal ECP force is defined as
fT = −[ET (R + 1)− ET (R)]. (28)
Evidently, in the zero-temperature limit, the thermal
ECP (28) returns to (20) obtain in Sec. III. We plot the
variation of the ECP force f with R for different values
of T/ε to investigate the influence of temperature on the
ECP force in Fig. 5. The values of T/ε represented by
the red-triangle line, blue-square and green-star line are
0, 0.1, and 1, respectively. We see clearly that for a fixed
value of R, the ECP force decreases with the tempera-
ture T . As is seen in Eqs. (25) and (26), the R-dependent
potential induced by the nanowire is attractive when the
system is in the state |ϕ+〉, while the potential is repulsive
when the system is in the state |ϕ−〉. So the ECP force
is weaker at nonzero temperature than at zero temper-
ature. When the temperature increases, the probability
of the system in the state |ϕ−〉 becomes larger and the
probability in the state |ϕ+〉 decreases, so the ECP force
decreases with temperature. Obviously, this result is dif-
ferent with the well-known results for the Casimir-Polder
force between two atoms at finite temperature [32].
VI. CONCLUSION
We studied the ECP force between two non-interacting
impurity atoms near by a one-dimensional nanowire. In
the single-electron space, this ECP force the moving elec-
tron in the nanowire induced is attractive. Different
from the free-electron gas, the electron traveling in the
nanowire described by the tight-binding model has a non-
linear dispersion relation. Based on the perturbation the-
ory, we obtained the analytical expression of the force
without any divergence.
Our results show that the force between the two im-
purities decreases with the impurity-impurity distance
exponentially. The decay rate decreases when the hop-
ping strength of the nanowire increases, while it becomes
larger when the absolute value of the detuning between
the atom energy and the site energy of the nanowire in-
creases. When the hopping strength equals to zero, the
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FIG. 5: (Color online)The Casimir-Polder force f vs the
atom-atom distance R for different values of T/ε are pre-
sented. Here, we have taken the lattice constant and the
impurity energy as unit ε = 1. And the other parameters are
chosen as λ = 0.1, ε0−ω = −1 and J = 0.3. The red-triangle
line, blue-square and green-star line represent the values for
T/ε = 0, T/ε = 0.1 and T/ε = 1, respectively.
decay rate becomes infinite large and then the force be-
tween the two atoms disappears. We find that the force
induced by the nanowire also increases with the hopping
strength and decreases with the absolute value of the de-
tuning. Based on this result, we may use the nanowire
to control the CP force in practical application.
Besides, we also studied the ECP force at finite tem-
perature. We find that the force at nonzero tempera-
ture is weaker than that at zero temperature and it de-
creases with the temperature, which is different with the
well-known results for the traditional CP force between
two atoms at finite temperature [32]. We wish this phe-
nomenon could be verified by experiments.
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